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c. DEFINITIONS.

~efors proceeding with this study it is important to review the
dictionary definitions of the principal words we are using.
The definitions in Table 1 are from Webster's Seventh New Colieglate
Dictionary.(7) Where a definition uses directly another word, the

definition of the second word is also included in Table 1.

My plan for this paper s to first review some elementary
properties of finite sets of discrete messages that might be sent
over a telegraph line, These simplie examples wil! {liustrate the
the relationship of the probabilities of different messages being
sent, the negentropy component of the individua! messages, and the
negentropy of the set of messages, Then | shall consider a
hypothetical world divided fnto six countries of (00,000 people
in each country., These six countries will have a range of soctial
orders from fdedl democracy to a dictatorship. 1 shal!l assume
a set of probablility distributions for the chances of an individual
having a measure of freedom in these different social orders.

Then 1 shall make the hypothesis that the negentropy of the
set of probabilities of freedom in & country or sub-system jis a
measure of the "democracy" of the sub-system. The next step is
to compare these numerical results with our common sense rating
of social systems In order of increasing amount of "democracy."

If there is consistency we can assume the relationship between

"negentropy"” and "democracy”" s a useful hypothesis, even though



TABLE I: . DEFINITIONS

Definitions from Webster's Seventh Collegiate Dictionary(ﬁ?éB)

ENTROPY. o
fa: a measure of the unvailable energy in a closed thermodynamic
system so related to the state of the system that a change
in the measure varfes with change In the ratfo of the
increment of heat taken in to the absoiute temperature at
which {t is absorbed

Ib: a measure of the disorder of a closed thermodynamic system
in terms of a constant multiple of the natural logarithm
of the probability of the occurence of a particular
molecular arrangement of the the system that by suitable
choice of a constant reduces to the measure of unavailable
energy

2: a measure of the amount of information ina message that
is based on the logarithm of the number of possibie
ergyivalent messages ‘

- ——

3 the degradation of the matter and energy in the universe
to an ultimate state of inert uniformity

FRESDOM

Is the quality or state of being free: as

a: the absence of necessity, coerc%on, or constraint
in choice or action

b: liberation from slavery or restraint or from the power
of another: INDEPENDENCE

g:_wékEMPTION; RELEASE.
d: EASE, FACILITY
e: FRANKNESS, OQUTSPOKENNESS
f: improper familiarity
g: boldness of conception or execution
h: wunrestricted use

2a: a political right

20 FRANCHISE, PRIVILEGE

FREE

la: having the legal and political! rights of a citizen

1b: en joying civil and political liberty

(See also definitions 2 through 15)
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b 2B _ TABLE 1 (continued): DEFINITIONS

DEMOCRACY

la; a government by the people, esp.: rule of the ma jority

ib: a government in which the supreme power is vested in
the pecople and exercised by them directly or indirectly
through a system of representation usu. involving
periodically held free elections '

2: a political uniti that has a democratic government

2 cap: the principies and policies of the Democratic party
in the U.S.

4 the common people esp. when constituting the source of

political authority

5: the absence of hereditgry or arbitrary class distinctions
or priviiéjes. - :

JUSTICE

[a: the maintenance or administration of what {is just
esp. by the impartial adjustment of conflicting claims
or the assighmeént of merited rewards or punishments )

—

Ib: JUDGE

{ lc:  the administration of law; esp.: the establishment or
| determination of rights according to the rules of faw
or equity

2a: the quality of being just, impartial, or fair

Eb({gl'the brinciple or ideal of just dealing or right action
2b(2): conformity to this principle or ideal: RIGHTEOQUSNESS
2¢: the quality of conforming to law
3 conformity to truth, fact, or reason: CORRECTNESS

JUST

fa: having a basis in or conforming to fact or reason:
) REASQNABLE ‘
. Ib archaic: faithful to an original

lc: conforming to a standard of correctness: PROPER
2a(1): morally right or good: RIGHTEOUS
2a{2): MERITED, DESERVED

2b: legally right

LIMPARTIAL: not partial

PARTTAL : it Inclined to favor one party more than the other: BIASED
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2. Negentropy.

In this section we shall review briefly the concepts of
the entropy of probability distributions. These equations apply
to Webeter's definition 2 in Table 1. The exampies {d this section
apply to sets of messages which might be sent over abteLegraph Hne.
For those who want a brief introduction to Information Theory, 1
recommend the following books:

Coitn Cherry, On Human Communication (10)

Ch. Two: EvoTullon of Communication Science-- An

Historical Review
Ch. Five:0n the Statistical Theory of Communication

R. Duncan Luce, Bobert R Bush, and J. C. R. Licklider, Deveop-
ments in MatEgn;ﬁical cholo {11)
ar eory o elective Information and Bome of

Its Behavioral Applications

J. R, Plerce, i I nd Neise (12)
Ch. 1. The ' )
Ch. 11. The Origine of Infornatlon Theory
h. I11. A Mathematfcal Model
Oh. 1V, Endoding and Binary Digits
Ch. V Entropy

The entropy of the set of messages is defined as:
1 =¢ P qu: P (1)
where p, {s the probability that the i-th message will be sent,
8ince the probability p; i{s a posttive number between zero and one,
log py €0,
we can define the negentropy as minus the entropy,

H= =1, (2)
n .

Ho - ;E: Py log. p, ‘ | (%,
=| .

The choice of the base of the logarithm to the base two is

or

arbitrary. For this study eq. (3) becomes:
n n

H= - PI '092 Py = p' Ui (&)
Li ;-1
where Uf = =~ ltog2 p; ts sometimes called the "uncertainty.” ()

¥ Davlid Widdieton, Statistical Communication Thegry. N.Y.:NcGrasw-
Hit1{1960), pp. 283:5.
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Sample values of Py 'Ui’ and Uipi are tabulcted in Tabie II
for a useful range of values. For convenience of the user, tnege
sarameters are plotted in Fig. 1. There is a scale change in the
center of Fig. | where the direction of tne {o0g-lcg paper reverses.

The parameters p(x), U(x), and p{x)ui{x) are plotted against p(xJ
p P

]

on the left nalf and agianst Ll-p(x) . on the right nalf. This
cnoice of scale makes the curves asympgotiic to straight lines
for simpler graphical construction and appiication.

Curve (:) is the simple probability, plx).

Curve CE’ is the uncertainty, Ul{x)= - lo3n pix).

Curve @ is the product of curves @ andg , or the
negentiropy component H(x) corresponding to p{x).

IT we have a set of two messages which can be sent over a
telegraph line and their prooabilities of oceing sent are P and Prs
the total probability is o+ P2 = I.0. For example, if p = C.i

and ps = 0.9, we have from eg. (4):

;:—ho U, bl .Q 9 -9

H G.i log2 O. 1 0.¢ 1052 0]

The uncertainty terms can be calculated or read off of Fig. [,
H=0.3%2 + 0.137 = 0,45¢ Negentropy of the set of

messages.
4 curve Tor the total negentropy is pleotted in Fig., 24 for ali
combinations of P and pg. Tne negentropy of tne system is
maximum for p, = Pp = 0.5
For a set of three messages we have the condition
p, + Ps + p3 = {.0
wnich means there are itwo indepencdent variables, so we can use 2
vwo-dimensional plot to obtain equi~negentiropy lines for the case
of three messages. note that the edges of the triangular cocrdinate

plct in Fig 2B are the top projectiocon of Fig. 2A, Egui-negneiropy

1§
Ly

lines for = 0, 0.5, .G, 1.5, 1.5

(=

L

5 are plotted in Fiyg 23,
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TABLE 11: NEGENTROPY COMPONENTS

Probability Uncertainiy

Pj

 0.9969530

0. 9999900
09999700
0.9999500
0.9999300
0.999900C0
0.9997000
0.9965G0C
0.9993G00Q
G.9990000
0.9970000
0.9950C00
0.993000C
C.9900C00
0.9700000
0.95G0000
C.9300000
0.9000000
0.700000¢0
0.5000000
0.3000000
0.1000000
0.0700000
0.0500G00
¢.0300C00
0.0100000
0.0070G0C
0.0050000
0.0030000
0.0010000
0.000Q70C0
0.00uU5000
G.00G3C00
¢.0001000
0.00007G¢C
0.00005060
0.00C0300
0.0000100
0.000007C

~-0.0000101
-~-0.0000144
-0.,0000433
~0.0000721
-0.000101¢0
~G.0001443
-0.0004329
~-0.0007215
-0.0010103
-0.00l4454
-0.0043346
~0.0372316
~0.01013¢4
=0.014499¢6
-0.0439434
~0.0740006
-0.1746974
-0.1220052
-0.5145723
-1.0500G03
~1.73695660
-31.3219289
~-3.B365022
-4,3219292
-5.0588949
~b.6438578
-~T.1584512
~-T.6438580
-8.3:08239
-9.,9657867

-10.4803600
-10.9357859
-11.7527527
~13.2877157
-13.80228439
~-14,287715%8
-15.0246818
~16.6096444
~17.1242177

Negentropy
Component

YiPj

0.0000101

C.G0OGO144
0.C0004332
0.G000721
0.00G1010
0.0001443
0.0004328
0.0007212
2.0010095
0.0014420
0.0043215
0.0071954
0.,0100634
0.0143546
0.0426251
0.0763006
D.0973686
0.13648028
0.3602013
0.5000001
0.5210898
0.3321929
0.2685551
0.2160965
C.1517668
0.0664386
0.0501090
C.0382193
0.0251425
0.0099658
0.0073363
0.0054829
0.0035108
0.0013288
0.0009662
0.0007144
0.00C4507
0.0001661
G.0001199
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In a similar way the triangular coordinate system for the
ihree-message system forms the four fa;es of the quadrilateral
cube with guadrangular coordinates. In this case egui-negentropy
surfaces for H =0, 0.5, 1.0, 1.5 & 2.0 are shown. For larger
sets of messages the equi-negentropy surfaces would be in
n-coordinate, n-Il space which is hard to visualize for n> 4,

The conditions for maximum negentropy can be extended to give
for the n-message case: p(=PpT «-....=p,= «%— (7)
1.0

n
and the condition holds that: E Py o= (6)

i=|

Three sample distributions corresponding toc maximum
regentropy are shown in Fig 3A. The cases for n=2 and n=4
cprresppnd to the centers of Figs. 2A and 2C. These distributions
will be used for reference when attempting to find an analogy
of negentropy to..use as a measure of democracy.

Another case of interest in future exfensions of the concepts
considered in this paper is the continous channel where there ié
a continous range of analog messages ihstead of a finite set of

discrete messages. In this case eq. (4) becomes

H :L/G:(x) log, p{x) dx (8)

For an electrical signal carrying a message on a telegraph line
with an average power of 0~2 and there is random noise on the
line, we have a theorem from Information Theory that the negentropy

is a maximum when the message distribution is gaussian, i.e.,

p(x) = W;,F e-(x2/2 T 2) (9)

The equivalent condition to eq. (6) is

ﬁ(x) dx = 1.0 (10)
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Fig. 3A Sample Distribution of Message Probabilities Vor
n=",4,10. (Discrete Noiseless Channel) Maximum Negertrogp),
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Two sets of curves are included in Fig. 3B to show sample
continuous probability distributions and also power distributions,
i.e., P{x) = 0T2:p(x). Thne p(x) curves give the probability of
messages in the range O to 100 occuring and satisfy eq. (10).

The power distribution curves satisfy

‘j/;(x) dx = o 2 : . {11),
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