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Synopsis: The efficiency of a block-check-
ing system of data transmission, in which
an answer-hack block-checking signal is
provided to acknowledge each block of
characters, or to ask for a repeat if an
error is detected, is investigated. Cutves
of data transmission eflicieney, as a function
of the number of characters in a message
block, are shown to have sharper peaks as
the distance and error probabilities are
increased. For  comparison, efficiency
curves are plotted for a 7-bit single-error-
detecting code and for a 10-bit single-error-
correcting code. A family of curves of
optimum block length is given for different
probabilitics of error and different reply
times.

BLOCK-CHECKING SYSTEM is

orie in which there is a periodic
feedback signal which acknowledges cor-
rect receipt of the last block of »# charac-
ters or asks for a repeat of the last block,
as illustrated in Fig. 1. A block-check
symbol is added after the nth character
of the message block. It may be a simple
end-of-block signal, or it may contain a

parity count of the bits in particular
rows of the message. To distinguish
between different types of parity checks,
a message can be visualized as a matrix
where each column contains the bits of
a single character. Then the addition of
a parity bit to each character constitutes
a vertical check, The block-check sym-
bol then becomes a longitudinal check
which can consist of the parity bits for
each row. A special case of a block-
check symbol providing a longitudinal
check on the vertical check symbols is
described by Barbeau.!

Two definitions of optimum block
length have come to the attention of
the author. Schatzoff and Harding pro-
posed an investigation of the optimum
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block length for minimizing the un-
detected errors.*  A. Cohen, in an un-
published report on transmission of
punched card data over teleprinter lines,
defined optunum block Iength as the
number of characters per Dlock which
would maximize the transmission efli-
ciency. Cohen’s definition of optimum
block length 1s used in this study.

The transmission cfliciency is the time
required to transmit the information bits
divided by the total time required to
transmit the information bits plus the
time required for Tredundancy hits,
waiting time for the answer-bhack signals,
and the average additional time for
repeated transmissions,

Bishop and Buchanan have proved
a theorem that redundancy for error
correction is more economical than using
feedback to request a repeat when an
error oceurs.? However, automatic trans-
mission from a computer to a remote
station requires some feedback signal to
verify that the channel is satisfactory.
This problem differs from the conditions
of Bishop and Buchanan in that both
feedback and redundaney are required
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so that the question is to determine the
most  ecomomical ratio between  re-
dundancy and feedback for a particular
set of conditions.

The effect of line failure when the
automatic switching system fails to find
a spare channel is not included in this
analysis, For data on the prohability
of such events, the reader is referred to
reports of Bell Telephone Laboratories.!

An answer-back signal is a signal
sent by the receiving station to indicate
acknowledgmient or to request a repeat
of the last block. When no errors are
detected, the net information trans-
mission rate is reduced by the time
involved in coding the block-check
symbol, propagation time over long line,
decoding logiec time, and setting of
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Efficiency is plotted for some sample
conditions of error probability and total
block-check and answer-back time. A

general cquation for optimum  block
- e — . - . . .
e cema= v —— length is derived by setting the derivative
.

roe T T T 1T T

TIT I 1 7T

-

(-

T
N

MAXEMUM FOR T-81T COCE -]

-
=4

o —_——]
//__-—-""‘ of the efficiency with respect to the
/ I number of characters in a block equal

-
o
T

%
»
o

to zero to obtain the condition of maxi-

=/ //" . :
o mum efficiency. A set of curves is
3 plotted for different values of reply
- L) . -y
geo > < < time and character error probability.
E“ / / / / epime (= p=p) | The general equation for optim&xm
/ / / m+hi{rsdfnd) block length reduces to Cohen's equation
o = when the product of the block length
o . N and the probability of error are small.
‘ Sample values of optimum block length
6 ] l__ 1 o | 1] L1 L 1 1! .
G 39 30 00 360 300 1000 3000 3000 15,000 and efficiency are plotted for a range of
BLOCK LENGTH-n {CHARACTERS) error probabilities and transmission
Fig. 3. Data transmission efficiency for specified emor reply time §/a and probability of char- speeds.
acter error p, as function of block length n The curves in this report can be used
h=1, ps=0.00007 to detem_nne tllle optm-‘mm block length
and efficiency in practical cases by the
0% 1T T [ 1771 T 7 7 TTTT T T T [ TT11]7 following steps:

o
I
!

Mawmuw For Tomrcooe ) | | 1. Calculate time interval per character.

<@

—— 2. Caleniate the reply delay time inter-

/ /_F—'__'_i
70 Irmes /7 [ _ val required for the block-check and answer-

a / \ back signals, and determine the number of
/‘—_-_\ characters which could be sent in the reply

*%
o
o

18

o
a

EFFICIENCY £
»
<

w
o

~
a

5

BLOCK LENGTH-N (CHARACTERS)

/ 12 7 \ delay interval.
24 \ h 3. Select the curve in Fig. 2 corresponding
] P to the number of characters determined in

5 probability with the optimum block length
. curve corresponding to the number of
L L . 1 | Slim i o i 1 “100 Imool l-o].o}:o 4 point which gTa.ph:cally yiclds two items;
a. The ordinate gives the optimum

Fig. 4. Same as Fig. 3 per block.
b. A projection from the point parallel

R / / (1-p \ item 2, then determine from statistical data
_ E'(h).(.m.m._h ﬁﬁ 3 the probability that a character is in error,
/9‘/. / The intersection of the character error

1 .
[ 1 7 characters per delay time interval gives

1Lrd L1t

block length in the number of characters
to the diagonal lines shows the maxirgum

h=1, py=0.0001



s

eMciency that can be obtained. These
diagonal lincs are computed for zero re-
dundancy, so they must be multiplied by the
ratiov of information to total bits per
character.

4, To determine the efficiency at a block
length other than the optimum value use
equation 13 or read the value off the efli-
ciency curves of Figs. 3 through 6.

A sample calculation is included in
Appendix III for the foregoing steps.
The use of these curves permits a com-
parison of line rental costs with buffer
storage ecosts. It also is of use for com-
parisen  with  ¢rror correction codes.
Curves for a 10-bit single-error-correcting
code are included in Fig. 7 for com-
parison with the more frequently used
7-bit single error-detecting codes.

The derivation of the efficiency ex-
hibits an interesting phenomenon of
different probability functions for the
two levels of treatment of the problem.
The probability of different numbers of
characters being in error within a block
follows the binomial distribution, When
the probability of a block of n characters
being correctly transmitted is consid-
ered, the probability follows the Pascal
distribution.

Efficiency of Transmission for Single
Error-Detecting Code

DErINITIONS

The efficiency of transmission E, is
defined as the time required to transmit
the information bits (excluding re-
dundancy bits) of a block of # characters
without any error-detecting or error-
correcting system, divided by the average
time required to transmit a block of =
characters with all detected errors cot-
rected. Where T is the average time
to transmit a block of # characters with
all single and multicharacter errors
{detectable by the code used) corrected,
T, is the time to transmit a block without
correcting the errors, and each character
contains m information bits and % re-
dundant bits, the foregoing definition
results in the following:

E,(h)w(?)(fﬂ)xmo (1)

Where o is the time to transmit one
character, and & is the time between the

end of the last character im a record-

and the beginning of the first character
in the next record or the next repeat
transimission

Tl =N (2)
and a single block with no detected

errors, but with a feedback acknowledg-
ment signal, takes a time interval
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To=nat+d (3)

The average time to transmit a message
block is predicted theoretically by a
serics of Bernoulli trials where X is the
nunber of times a message must be sent
to get a correct transmission and E(X)
is the expectation or average value of
X, so that

T=Toli(X) (4)

The expectation E(X) is defined mathe-
matically in Appendix I and the equation
is derived there for this particular
problem,

AVERAGE NUMDER OF TRANSMISSIONS
PER BLOCK DUE TO INDEPENDENT
STATISTICAL CHARACTER ERRORS

The symbols p. and ¢, are the proba-
bility of failure and the probability of
success, respectively, of a character being
transmitted correctly, where

Ge=1—p¢ (5)

It is assumed that the probability of a
character being in error is based upon
statistically independent events. The
series of Bernoulli trials discussed in
Appendix 1 gives the following equation
for the expectation

E(X)=g" D k(1—g ")k~ (6)
k=1

Changing to blocks of characters, the
symbeols p, and ¢, are the probability of
success and the probability of failure
respectively, in transmitting a correct
message of n characters. The relation-
ship between the two probabilities is

pr=a"={1—p)" (7)
9321*91“(1“‘%)" (8)
It should be noted that p, represents
success, while p, represents failure,

This change in the role of the symbol p,
when changing from characters to blocks
of characters, causes the resultant equa-
tions for expectation to be in a standard
form. Substituting ¢. from equations
7 and 8 into equation 6 transforms the
expectation into the following form:

E(X)=poy , kgt (9)
=1

Comparing equation 9 with the de-
fining equation 19 in Appendix I shows
that the probability function is of the
form

P(X'—*k)”Qs!-lP: (10)

which is recognized as the Pascal dis-
tribution described by Feller.* The
terms under the summation sign of

equation 9 have the form of a binomial
series

> kot =(1—g
k=1

Substituting equation 11 into equa-
tion 9 results in the following value of the
expectation

b _1_ 1
(T=a) 2 (1-po)"

The change in units vsed from single
characters to blocks of characters results
in a change from binomial distribution
to the Pascal probability distribution.

(11)

E(X)=

(12)

EFFICIENCY
Using equations 1, 2, 3, 4, and 12 gives
a transmission efficiency of

" )(l—pc)"
m+h J(1+s/na)

E,(k)=( %100 {(13)

Sample curves are plotted in Fig., 7
for $,=0.001 and p,~0.00001. The
curves marked A=1 are for the 7-bit
single-bit error-detecting code with as-
sumption that higher order bit errors
are detected by a longitudinal block
check plus interlacing of characters if
required to separate multiple-bit errors.
Two sets of curves are shown, one for
an answer-back time of three character
time intervals representative of short
lines, and a set for 96-character intervals,
representative of a 3,000-mile nonloaded
cable with echo suppressors at 2,000 bps
(bits per sccond}.

Additional curves for a range of é/a
for p.=0.001, 0.0001, and 0.00001 are
plotted in Figs. 3 through 5 so that tie
efficiency can be interpolated from the
curves in this range.

Optimum Block Length for Single-
Error Detection

To obtain an equation for optimiun
block length, the derivative of the
efficiency is taken with respect to n
and set equal to zero, which gives the
maxima and minima of the efficiency
curves, Then, choice of the correct
root corresponding to a maximum gives
the optimum block length. The details
of the developtnent are given in Ap-
pendix II. Taking the positive root of
equation 25 gives the optimum block
length

?_¥=\/6/0Pc F(?c- §/e)

F(pe, 8/e)=V[1/S(pc)] +(8/ape/4—
V{(s/a)p/t  (15)
When p.<1/(100 $/a), which may also

{14

4

be stated as wp.<O1, Flp., §/a) ap-
proaches unity, so that the following
equation has less than 5% error:

w =38/ ap. (16}

Curves of optimum block length are
plotted in Fig. 2 for different reply times
(8/a). The complete formula of equa-
tion 14 must be used for np>0.1.  Tiqua-
tion 16 can be used for np.<0.1.

Lines of equal efficiency have been
added to Fig. 2. Substituting » in
equation 13 and expanding the (1—p0"
term in equation 13 by the Linomial
expansion, and dropping second-order
and higher terms of p, gives the following
equation for maximum efficiency with
less than 0.59, error wlen zp.<0.1:

n—éla
nto/a

Efh=0}= (17

Efficiency for Single-Error
Correction Code

For comparison of single-error detec-
tion codes (m=06, 1=1) with an answer-
back signal with a single-error correction
(m=06, h=4) with answer-back signal,
the efficiency of the error-correcting code
is needed. In this sense “single error”
means a single-hit error within a charac-
ter. Therefore no repeats will be re-
quired for the single errors, but repeats
will be asked for in the case of multiple
errors detected by the addition of longi-
tudinal block checking.  Substituting
the p.* derived in Appendix III for the
10-bit single-error correcting code of the
Hamming® type into equation 13 gives

E,{h=4)=ﬁ—kx

(1—45p3(1 —py)— )"
(1+8/na)

m_ (1=pch)"

mA-h (146/1na)

for p.<0.001 (18)

Examples of Optimum Block
Length and Efficiency

Examples have heen taken graphically
from Fig. 7 to obtain the optimum block
length and efficiency for a range of bit
rates between 75 bps aund 6,000 bps,
These examples were based on non-
loaded side circuits on a 3,000-mile 19-
gage cable. These results are plotted
(see Fig. 8) to show the change in
optimum block length and maximum
efficiency. .

Curves have been plotted for lines
with and without echo suppressors.
Echo suppressors are used on most voice
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telephone circuits of over 500 miles.
It is common to remove the echo sup-
pressors from leased lines used solely
for data transmission. A brief descrip-
tion of the functioning of echo suppressors
may be found in a text issued by American
Telephone and Telegraph Company.”
Examination of Fig. 8 shows that the
presence of echo suppressors only reduces
the maximum attainable efficiency a few
per cent, but their presence raises the
optimum block length by as much as
509, for low-error probabilities such as
po=0.00001.

This leads to the consideration of the
case of a fixed buffer of less than the
optimmni  block length, Some sample
values of # and E, are listed in Table T.
If p.=0.00f and 8/a=24, the optimum
block length of r=130 would give an
efficiency of 69%, while the use of a
buffer holding 100 characters would
yield an efficiency of 62.5%. If the
error probability decreases, the maxi-
mum efliciency goes up to 839, at the
optimum block length of 1,300 charac-
ters. However, if the original block
length of 100 characters is retained,
there is still a gain of almost 7% in the
efficiency without changing the buffer

8000

to the optimum block length, To decide

“when it is practical to adjust the buffer

size to the optimutn requires knowledge
of buffer costs and line rental costs to
determine whether the buffer costs offset
the line rental savings as a result of
increased transmission efficiency,

Conclusions

The importance of the optimumn-block-
length concept increases with an increase
in any of the following parameters: 1.
data {ransmission rate, 2. distance of
transmission, and 3, probability of error,
When these parameters are all low, as
in the top curve (§/a=3, $.=0.00001)
in Fig. 7, the efficiency drops only a few
per cent over a range of 50 to 5,000
characters per block. As any one of
these parameters increases, the curve
of efficiency versus block length sharp-
ens.

For a long-distance transmission, the
increase in optitn block Iength in-
dicates the need for larger buffer storage.
The efficiency equation can be used in
balancing the cost of the larger buffer
required for use of optimuwm block
length against possible reduced line

Table |. Operation at Nonoptimum Block Lengths
Optimum Sampie Nenoptimum
_ Emax. El‘.lD-
f, Bps Po §/e n Per Cent Doo Per Cent
1,000,.,.......6.00001. ... ...... 24 ... 1,300......... 83 ........... 100.. . ,..... 69.1
1,000, ... .... 0.0001 ........... 24, ... ... ... 460.. ... .. .. TT. 6. 100 ... ..., 68 4
1.000,, . ... ... G001 .......... 24........... 130......... 63 ........... 100, ........ 62.5

83090
f (BITS PER SECOND)

(8}

Varistion of optimum block length and efficiency with transmission rates:

A—h=1; p,=0.00001 B—h=1,; p.=0.001

rentals due to a higher effective data
transmission rate. The calculation of
optimum block length and efficiency
perinits a comparison of the added rental
cost of the local loops to obtain complete
4-wire service with the savings from
reduced size of buffer storage.

In a system where automatic com-
munication between a computer and
remote stations requires a periodic
feedback signal to protect against un-
usual events {such as an increase in
multiple ertors or line failure when there
are no spare channels available to the
autoniatic switching system), the details
of the situation must be cxamined to
determine whether feedback correction
of errors or error-correction by re-
dundancy is more efficient. TFor some
combinations of delay time (3/a) and
probability of a character being in error
(p.), the 7-bit code is more efficient,
while for other combinations the 10-bit
code is more efficient.

Nomenclature

a = number of bits per character

E(X)=expectation of event X or the aver-
age value of X

Ey(h})=transmission efficiency with b re-
dundant bits per character

E (&) =maximum transmission efficicncy ob-
tainable when optimum block length
is used

Sf=transmission rate in bps

F(p..6/a) =correction factor to ¢btain exact
optimum block length from the ap-
proximate equation

h=number of redundant bits per charac-
ter

i=summation index indicating number of
bits or characters in error



k=summation index indicating number of
blocks

{=length of transmission channel

m=number of information bits per char-
acter

n=number of characters per block

5 = oplimum number of characters per block

plxz) =prohability of occurrence of event x
on the kth trial

#» =probability that a hit is in errot

pe=probability that a characteris in error

p." =probability that a character is in error
due to two or more bits in error within
one character

p (k)= probability that a block of characters
las to be repeated k times to obtain
a correct transmission

p,=prebability that a message is correct on
the first transmission

P(X)=probahility of set of events defined
by X occurring

¢ =probability that a character is cotrect

g.=probability that a message is not
correctly received on one transmission

S{p.)=a factor in the optimum block length
equation which is asymptotic to
unity for small values of P,

T=average time to transmit a block of n
characters with ali single and multi-
character errors corrected

Te=time taken to transmit a block of
characters with no errors, but with
reply time added to acknowledge
message

Ti=time taken to transmit a block of
characters without any feedback
signal

X =a set of events such as ¢ characters in
error

xp=an event which occurs on the kth trial

a=time interval of one character

$=reply delay time interval

8/ =number of characters which could be
transmitted during the reply delay
time interval

Appendix |. Derivation of
Average Number of
Transmissions per Block

To obtain the average time pet message
T [rom equation 4, a formula for the expec-
tation is derived from the following defini-
tion given by Feller.®

Let ¥ be & random variable assumling
value %;, %, ... with corresponding prob-
abilities p{x}p{xs}. The mean or expected
value of x is defined by

E(x)m ) mxpl(xn) (19)
k=1

provided that the sum converges absolutely.
The grouping in blocks of n characters
sets integral values on xg, so thatxg=k=1,
2,3, ... When the probabifity of a char-
acter being in error is independent, the bi-
nomial probability distribution applies, so

n! -
P (i characters in error) T P R

t{n—1)
(20)

These repeated independent trials constitute
a series of Bernoufli trials as defined by
Feller.?

Defining pA%) as the probability that the

block bas tn be transmitted k times, to ob-
tain a correct transmission on the kth
trial yields

pAl) =g " =(1=p.)"

£A2) “[Z (:-‘)Pc"i'c.ﬂ]%a =(1—¢g"

iml
PA3)=(1—q.")3g." (21)

Extending equations 21 to the general
form and substituting it into equation 18
gives the expectation

@

E(X) -q;';: E(1—gMy (22)
-]

The foregoing gives the average trans-
mission time when substituted into equa-
tion 4.

Appendix {l. Derivation of
Optimum Block Length

Taking tie derivative of equation 13 and
setting equal to zero gives

dE

i.lf _l_d_ — n — n
o (1+ ”) S (1=p" 1 —p"X

() €)oo

d
d'_' (1 "Pc)”"(l "'?c)” In (1—-p.)
"

Let

S(pe)=[—In (1~pM/be=1+
pe bt P
2+3+...+ - +... (24)

(n)*4-(n)(8/a)—[(8/a) fin (1 —b)] =0

5 (/) 2V (/o H 48/ apeS(pe)
2

Taking the positive root in equation 25
gives the optimum block length

{25}

;l—\/a/ﬂf’c F(Pc- 5/0') (14)
where F{p,, §/a) is given by equation 15.

Appendix ll. Sample
Caleculation and Graphical
Determination of & and E

Conversion of Bit Error Probability to
Character Error Probability

When {5 is the probability that a bit is
in error in a binary symmetric channel
where bit errors are independent, and it is
assumed that a block check character
provides a Jongitudinal check on multiple
bit errors, the probability of a character
being in error (and being detected at the

. receiver) is

7
7 -
m»Z(‘. )pn‘(l —po)* (26)

jae]

Equation 26 applies for m=8, A=1

6

(single-error-detection code, double and
higher bit errors to be detected by longi-
tudinal block eheck). :

Sample calculation for p, =0.00014 is as
follows:

Pe=Tou(L— P+ 21 L =)ot ..
==7(0.00014)(0.99986)“+21(0.000I‘U‘X
(0.90986 ) +. ..
=0(.000 984+0.000 00041-+4...~1073

For m=6, h=4 (single-error correction,
double and higher order bit error to be de-
tected by longitudinal block check), the
corresponding formula is

10 16
b’ ‘Z( i )Pb‘(l —pph)o

=2
=pe" = 4553 (1= p)+ 1200 1 — )7+ ..
220,000 000 §+0.000 000 000 336+
20,000 000 9210~ (27)
prp.t, for £,<0.001 (28)

Graphical Determination of n and E

Condition serial transmission, 1,000 bps,
p.=0.0001, } =3,000 miles.

Step 1:

¢ 7 bits per character

T 1,000 bps
«=(),007 second per character

Step  2: Take [=3,000 miles, assume
typical transmission line with a total of
0.300 {second) delay time for 2-way propa-
gation and resetting of the echo suppressars
Assume that two characters are used for
block-check and answer-back signals and
that the logical operations can be completed
within one character tune, so that §/a=3
+(0.300/0.007) =47.

Step 3: In Fig. 2 the intersection of the
curve §/a =47 with p,=0.0001 is marked as
point A. This gives optimum blnck length

n=640, and maximum cfliciency fJ=

(6/7)86=749,.

Step 4: To determine the efficiency when
100 characters are used as the hlock length
so that =100 characters (see Fig. 4), the
exact result can be obtained from equa-
tion 13 or the efficiency can be obtained by
interpolating betwcen the curves of Fig. 4.
Point 4 for # =640 and point B for n =100
are shown in Fig. 4. From point B it is
determined the the efficiency is reduced to
579, when a block length of 100 characters
is used.

o=
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